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Abstract

This supplement is a brief introduction to the theory of computational complexity, which
in particular provides important notions, techniques, andresults to classify problems in terms
of their complexity. We describe the foundations of complexity theory, survey upper bounds
on the time complexity of selected problems, define the notion of polynomial-time many-
one reducibility as a means to obtain lower bound (i.e., hardness) results, and discuss NP-
completeness and the P-versus-NP question. We also presentthe polynomial hierarchy and the
boolean hierarchy over NP and list a number of problems complete in the higher levels of these
two hierarchies.

1 Introduction

Complexity theory is an ongoing area of algorithm research that has demonstrated its practical value
by steering us away from inferior algorithms. It also gives us an understanding about the level of
inherent algorithmic difficulty of a problem, which affectshow much effort we spend on developing
sharp models that mitigate the computation time. It has alsospawned approximation algorithms
that, unlike metaheuristics, provide a bound on the qualityof solution obtained in polynomial time.

This supplement is a brief introduction to the theory of computational complexity, which in
particular provides important notions, techniques, and results to classify problems in terms of
their complexity. For a more detailed and more comprehensive introduction to this field, we
refer to the textbooks by Papadimitriou [Pap94], Rothe [Rot05], and Wilf [Wil94], and also
to Tovey’s tutorial [Tov02]. More specifically, Garey and Johnson’s introduction to the theory

∗This supplement replaces Harvey Greenberg’s original supplement on complexity [Gre01]; it is based on and extends
his text and uses parts of it with Harvey Greenberg’s kind permission. This work was supported in part by the DFG under
grants RO 1202/12-1 (within the European Science Foundation’s EUROCORES program LogICCC: “Computational
Foundations of Social Choice”) and RO 1202/11-1.
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of NP-completeness [GJ79] and Johnson’s ongoing NP-completeness columns [Joh81] are very
recommendable additional sources.

This paper is organized as follows. In Section 2, we briefly describe the foundations of
complexity theory by giving a formal model of algorithms in terms of Turing machines and by
defining the complexity measure time. We then survey upper bounds on the time complexity of
selected problems and analyze Dijkstra’s algorithm as an example. In Section 3, we are concerned
with the two most central complexity classes, P and NP, deterministic and nondeterministic
polynomial time. We define the notion of polynomial-time many-one reducibility, a useful tool to
compare problems according to their complexity, and we discuss the related notions of NP-hardness
and NP-completeness as well as the P-versus-NP question, one of the most fundamental challenges
in theoretical computer science. In Section 4, further complexity classes and hierarchies between
polynomial time and polynomial space are introduced in order to show a bit of complexity theory
beyond P and NP. In particular, the polynomial hierarchy is discussed in Section 4.1 and the boolean
hierarchy over NP in Section 4.2 We also list a number of problems complete in complexity classes
above NP, namely, in the higher levels of the two hierarchiesjust mentioned. Section 5, finally,
provides some concluding remarks.

2 Foundations of Complexity Theory

2.1 Algorithms, Turing Machines, and Complexity Measures

An algorithm is a finite set of rules or instructions that when executed on an input can produce an
output after finitely many steps. The input encodes an instance of the problem that the algorithm
is supposed to solve, and the output encodes a solution for the given problem instance. The
computation of an algorithm on an inputis the sequence of steps it performs. Of course, algorithms
do not always terminate; they may perform an infinite computation for some, or any, input (consider,
for example, the algorithm that ignores its input and entersan infinite loop). There are problems
that can be easily and precisely defined in mathematical terms, yet that provably cannot be solved
by any algorithm. Such problems are calledundecidable(when they are decision problems,
i.e., when they are described by a yes/no question) oruncomputable(when they are functions).
Interestingly, the problem of whether a given algorithm ever terminates for a given input is itself
algorithmically unsolvable, and perhaps is the most famousundecidable problem, known as the
HALTING PROBLEM (see the seminal paper by Alan Turing [Tur36]). Such results—establishing a
sharp boundary between algorithmically decidable and undecidable problems—are at the heart of
computability theory, which forms the foundation of theoretical computer science. Computational
complexity theory has its roots in computability theory, yet it takes things a bit further. In particular,
we focus here on “well-behaved” problems that are algorithmically solvable, i.e., that can be solved
by algorithms that on any input terminate after a finite number of steps have been executed. Note,
however, that a computable function need not be total in general and, by definition, an algorithm
computing it does never terminate on inputs on which the function is not defined.

In complexity theory, we are interested in the amount of resources (most typically, computation
time or memory) needed to solve a given problem. To formally describe a problem’s inherent
complexity, we first need to specify
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1. what tools we have for solving it (i.e., the computationalmodel used) and

2. how they work (i.e., the computational paradigm used), and

3. what we mean by “complexity” (i.e., the complexity measure used).

First, the standardcomputational modelis the Turing machine, and we give an informal
definition and a simple concrete example below. Alternatively, one may choose one’s favorite
model among a variety of formal computation models, including theλ calculus, register machines,
the notion of partial recursive function, and so on (see, e.g., [Rog67, HU79, Odi89, HMU01]).
Practitioners may be relieved to hear that their favorite programming language can serve as a
computational model as well. The famous Church–Turing thesis postulates that each of these
models captures the notion of whatintuitively is thought of being computable. This thesis (which by
involving a vague intuitive notion necessarily defies a formal proof) is based on the observation that
all these models are equivalent in the sense that each algorithm expressed in any of these models can
be transformed into an algorithm formalized in any of the other models such that both algorithms
solve the same problem. Moreover, the transformation itself can be done by an algorithm. One
of the reasons the Turing machine has been chosen to be the standard model of computation is its
simplicity.

Second, there is a variety ofcomputational paradigmsthat yield diverse acceptance behaviors of
the respective Turing machines, including deterministic,nondeterministic, probabilistic, alternating,
unambiguous Turing machines, and so on. The most basic paradigms are determinism and
nondeterminism, and the most fundamental complexity classes are P (deterministic polynomial
time) and NP (nondeterministic polynomial time), which will be defined below.

Finally, as mentioned above, the most typicalcomplexity measuresare computation time (i.e.,
the number of steps a Turing machine performs for a given input) andcomputation memory(a.k.a.
computation space, i.e., the number of tape cells a Turing machine uses during a computation as
will be explained below).

Turing machines are simple, abstract models of algorithms.To give an informal description,
imagine such a machine to be equipped with a finite number of (infinite) tapes each being subdivided
into cells that are filled with a symbol from the work alphabet. To indicate that a cell is empty, we
use a blank symbol,�, which also belongs to the work alphabet. The machine accesses its tapes
via heads, where each head scans one cell at a time. Heads can be read-only (for input tapes), they
can be read-write (for work tapes), and they can be write-only (for output tapes). In addition, the
machine uses a “finite control” unit as an internal memory; atany time during a computation the
machine is in one of a finite number of states. One distinguished state is called the initial state, and
there may be (accepting/rejecting) final states.1 Finally, the actual program of the Turing machine
consists of a finite set of rules that all have the following form (for each tape):

(z,a) 7→
(

z′,b,H
)

,

1For decision problems, whenever a Turing machine halts, it must indicate whether or not the input is to be accepted
or rejected. Thus, in this case each final state is either an accepting or a rejecting state. In contrast, if a Turing machine is
to compute a function then, whenever it halts in a final state (where the distinction between accepting and rejecting states
is not necessary), the string written on the output tape is the function value computed for the given input.
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wherez andz′ are states,a andb are symbols, andH ∈ {←,↓,→} is the move of the head: one
cell to the left (←), one cell to the right (→), or staying at the same position (↓). This rule can be
applied if and only if the machine is currently in statez and this tape’s head currently reads a cell
containing the symbola. To apply this rule then means to switch to the new statez′, to replace the
content of the cell being read by the new symbolb and to move this tape’s head according toH.

Example 2.1 For simplicity, in this example we consider a machine with only one tape, which
initially holds the input string, symbol by symbol in consecutive tape cells, and which also serves
as the work tape and the output tape. The Turing machine whoseprogram is given in Table 1 takes
a string x∈ {0,1}∗ as input and computes its complementary stringx̄∈ {0,1}∗, i.e., the i-th bit ofx̄
is a one if and only if the i-th bit of x is a zero (e.g., if x= 10010thenx̄ = 01101).

(z0,0) 7→ (z0,1,→) swap zeros to ones and step one cell to the right
(z0,1) 7→ (z0,0,→) swap ones to zeros and step one cell to the right
(z0,�) 7→ (z1,�,←) switch toz1 at the end of the input and step left
(z1,0) 7→ (z1,0,←) leave the letters unchanged and step one cell to the left
(z1,1) 7→ (z1,1,←) until reaching the beginning of data on the tape
(z1,�) 7→ (zF ,�,→) move the head onto the first letter and switch tozF to halt

Table 1: A Turing machine

The work alphabet is{�,0,1}. Aconfiguration(a.k.a.instantaneous description) is some sort of
“snapshot” of the work of a Turing machine in each (discrete)point in time. Each configuration is
characterized by the current state, the current tape inscriptions, and the positions where the heads
currently are. In particular, a Turing machine’s initial configuration is given by the input string that
is written on the input tape (while all other tapes are empty initially), the input head reading the
leftmost symbol of the input (while the other heads are placed on an arbitrary blank cell of their
tapes initially), and the initial state of the machine. One may also assume Turing machines to be
normalized, which means they have to move their head(s) backto the leftmost nonblank position(s)
before terminating. Our Turing machine in Table 1 has three states:

• z0, which is the initial state and whose purpose it is to move thehead from left to right over x
swapping its bits, thus transforming it intōx,

• z1, whose purpose it is to move the head back to the first bit ofx̄ (which was the head’s initial
position), and

• zF , which is the final state.

Unless stated otherwise, we henceforth think of an algorithm as being implemented by a Turing
machine. A Turing machine is said to bedeterministicif any two Turing rules in its program have
distinct left-hand sides. This implies that in each computation of a deterministic Turing machine
there is a unique successor configuration for each nonfinal configuration. Otherwise (i.e., if a Turing
machine has two or more rules with identical left-hand sides), there can be two or more distinct
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successor configurations of a nonfinal configuration in some computation of this Turing machine,
and in this case it is said to benondeterministic.

The computation of a deterministic Turing machine on some inputis a sequence of
configurations, either a finite sequence that starts from theinitial configuration and terminates
with a final configuration (i.e., one with a final state) if one exists, or an infinite sequence that
represents a nonterminating computation (e.g., a computation that is looping forever). In contrast,
thecomputation of a nondeterministic Turing machine on some input is a directed tree whose root
is the initial configuration, whose leaves are the final configurations, and where the rules of the
Turing program describe one computation step from some nonfinal configuration to (one of) its
successor(s).2 There may be infinite and finite paths in such a tree for the sameinput. For the
machine to terminate it is enough that just one computation path terminates. In the case of decision
problems, for the input to be accepted it is enough that just one computation path leads to a leaf
with an accepting final configuration.

The time complexity of a deterministic Turing machine M on some input x is the number
timeM(x) of stepsM(x) needs to terminate. IfM on input x does not terminate,timeM(x) is
undefined; this is reasonable if one takes the point of view that any computation should be assigned
a complexity if and only if it yields a result, i.e., if and only if it terminates. Thespace complexity of
M on input xis defined analogously by the number of nonblank tape cells needed until termination.
In this paper, however, we will focus on the complexity measure time only (see, e.g., [Pap94],
Rothe [Rot05] for the definition of space complexity).

The most common model is to consider theworst-case complexityof a Turing machineM as
a function of the input sizen = |x|,3 i.e., we defineTimeM(n) = maxx:|x|=ntimeM(x) if timeM(x)
is defined for allx of length n, and we letTimeM(n) be undefined otherwise. (We omit a
discussion of the notion ofaverage-case complexityhere and refer to the work of Levin [Lev86]
and Goldreich [Gol97].)

Now, given a time complexity functiont : N→ N, we say a (possibly partial) functionf is
deterministically computable in time tif there exists a deterministic Turing machineM such that for
each inputx,

(a) M(x) terminates if and only iff (x) is defined,

(b) if M(x) terminates thenM(x) outputs f (x), and

(c) TimeM(n)≤ t(n) for all but finitely manyn≥ 0.

(There are various notions of what it means for anondeterministicTuring machine to compute a
function in a given time. We omit this discussion here and refer to the work of Selman [Sel94].)

2Note that a deterministic computation can be considered as a(degenerated) computation tree as well, namely a tree
that degenerates to a single path. That is, deterministic algorithms are special nondeterministic algorithms.

3 We always assume a reasonable, natural encoding of the inputover some input alphabet such as{0,1}, and n
denotes the length of the inputx∈ {0,1}∗ in this encoding. However, since one usually can neglect thesmall change of
time complexity caused by the encoding used, for simplicityn is often assumed to be the “typical” parameter of the input.
This may be the number of digits if the input is a number, or thenumber of entries if the input is a vector, or the number
of vertices if the input is a graph, or the number of variablesif the input is a boolean formula, etc.
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We now define the time complexity of decision problems. Such aproblem is usually represented
either by stating the input given and a related yes/no question, or as a set of strings encoding the
“yes” instances of the problem. For example, the satisfiability problem of propositional logic, SAT,
asks whether a given boolean formula is satisfiable, i.e., whether there is an assignment of truth
values to its variables such that the formula evaluates to true. Represented as a set of strings (i.e., as
a “language” over some suitable alphabet) this problem takes the form:

SAT = {ϕ | ϕ is a satisfiable boolean formula}. (1)

Given a time complexity functiont : N→ N, a decision problemD is solved (or “decided”) by
a deterministic Turing machineM in time t if

(a) M accepts exactly the strings inD and

(b) TimeM(n)≤ t(n) for all but finitely manyn≥ 0.

We sayD is solved (or “accepted”) by a nondeterministic Turing machine M in time t if

(a) for all x ∈ D, the computation treeM(x) has at least one accepting path and the shortest
accepting path ofM(x) has length at mostt(|x|), and

(b) for all x 6∈ D, the computation treeM(x) has no accepting path.

Let DTIME(t) denote the class of problems solvable by deterministic Turing machines in timet,
and let NTIME(t) denote the class of problems solvable by nondeterministic Turing machines in
time t.

The primary focus of complexity theory is on the computational complexity of decision
problems. However, mathematicians are often more interested in computing (numerical) solutions
of functions. Fortunately, the complexity of a functional problem is usually closely related to that
of the corresponding decision problem. For example, to decide whether a linear program (LP, for
short) has a feasible solution is roughly as hard as finding one.

2.2 Upper Bounds on the Time Complexity of Some Problems

Is a problem with time complexity 17· n2 more difficult to solve than a problem with time
complexityn2? Of course not. Constant factors (and hence also additive constants) can safely be
ignored. Already the celebrated papers by Hartmanis, Lewis, and Stearns [HS65, SHL65, HLS65,
LSH65] (which laid the foundations of complexity theory andfor which Hartmanis and Stearns
won the Turing Award) proved the linear speed-up theorem: For each time complexity functiont
that grows strictly stronger than the identity and for each constantc, DTIME(t) = DTIME(c · t).
An analogous result is known for the nondeterministic time classes NTIME(t) (and also for
deterministic and nondeterministic space classes, exceptthere one speaks of linear compression
rather than of linear speed-up.)

This result gives rise to define the “big O” notation to collect entire families of time complexity
functions capturing the algorithmic upper bounds of problems. Let f ,g : N−→N be two functions.
We say f grows asymptotically no stronger than g(denoted byf ∈ O(g)) if there exists a real
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numberc > 0 and a nonnegative integern0 such that for eachn ∈ N with n ≥ n0, we have
f (n) ≤ c · g(n). Alternatively, f ∈ O(g) if and only if there is a real numberc > 0 such that
limsupn→∞ ( f (n)+1)/(g(n)+1) = c. In particular, DTIME(O(n)) denotes the class of problems solvable
by deterministic linear-time algorithms. Table 2 lists some problems and some upper bounds on
their deterministic time complexity.

DTIME(·) time complexity sample problem

O (1) constant determine the signum of a number
O (log(n)) logarithmic searching in a balanced search tree withn nodes
O (n) linear solving differential equations using multigrid methods
O (n· log(n)) sortn numbers (mergesort)
O

(

n2
)

quadratic compute the product of ann×n matrix and a vector
O

(

n3
)

cubic Gaussian elimination for ann×n matrix
O

(

nk
)

, k fixed polynomial solving LPs using interior point methods
O (kn), k fixed exponential solving LPs using the simplex method

Table 2: Upper bounds on the worst-case time complexity of some problems

If there are distinct algorithms for solving the same problem, we are usually interested in the one
with the best worst-case behavior, i.e., we would like to know the least upper bound of the problem’s
worst-case complexity. Note that the actual time required for a particular instance could be much
less than this worst-case upper bound. For example, Gaussian elimination applied to a linear system
of equations,Ax = b with A ∈ Qn×n and a vectorb ∈ Qn,4 has a worst-case time complexity of
O(n3), but would be solved much faster ifA happens to be the identity matrix. However, theworst-
casecomplexity relates to the most stubborn inputs of a given length.
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(a) GraphG = (V,E)

01

2 3

4

5

6 7 8

1

2

5

2

2134

(b) GraphH = (V,F) containing the shortest paths from
G with start vertexs= 0

Figure 1: Applying Dijkstra’s algorithm to graphG yields graphH

For a concrete example, consider the shortest path problem,which is defined as follows: Given
a network (i.e., an undirected graphG = (V,E) with positive edge weights given byf : E→Q≥0)

4We assumeA to be ann×n matrix over the rational numbers,Q, andx andb to be vectors overQ, since complexity
theory traditionally is concerned with discrete problems.A complexity theory of real numbers and functions has also
been developed. However, just as in numerical analysis, this theory actually approximates irrational numbers up to a
given accuracy.
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and a designated vertexs∈V, find all shortest paths froms to each of the other vertices inV. For
illustration, we show how an upper bound on the worst-case time complexity of this problem can
be derived. LetV = {0,1,2,3,4,5,6,7,8} and the edge setE be as shown in Figure 1(a). Let
f : E→ Q≥0 be the edge weight function, and lets= 0 be the designated start vertex. Dijkstra’s
algorithm (see Algorithm 1 for a pseudocode description; a Turing machine implementation would
be rather cumbersome) finds a shortest path from vertexs= 0 to each of the other vertices inG.

Algorithm 1 Dijkstra’s algorithm
1: input: (G = (V,E), f ) with start vertexs= 0
2: n := |V|−1 // setn to the highest vertex number
3: for v = 1,2, . . . ,n do
4: ℓ(v) := ∞; // ℓ(v) is the length of the shortest path froms= 0 to v
5: p(v) := undefined // p(v) is the predecessor ofv on the shortest path froms to v
6: end for
7: ℓ(0) := 0;
8: W := {0} // insert the start vertex intoW, the set of vertices still to check
9: while W 6= /0 do

10: Find a vertexv∈W such thatℓ(v) is minimum;
11: W := W−{v}; // extractv from W
12: for all {v,w} ∈ E do
13: if ℓ(v)+ f ({v,w}) < ℓ(w) then
14: ℓ(w) := ℓ(v)+ f ({v,w}) // update the length of the shortest path tow if needed
15: p(v) := w // update the predecessor ofw if needed
16: if w 6∈W then
17: W := W∪{w} // insert neighbors ofv into W (if not yet done)
18: end if
19: end if
20: end for
21: end while
22: F := /0 // F will be the edge set containing the shortest paths
23: for v = 1,2, . . . ,n do
24: F := F ∪{{v, p(v)}} // insert the edge{v, p(v)} into F
25: end for
26: output: H = (V,F), the graph containing the shortest paths froms= 0

Table 3 gives an example for applying Disjkstra’s algorithmto the input graph shown in
Figure 1(a). The table shows the initialization and the execution of thewhile loop. The resulting
graphH = (V,F)—with new edge setF—containing the shortest paths is shown in Figure 1(b).

A first rough estimate of the time complexity shows that Dijkstra’s algorithm runs in timeO(n2),
wheren = |V| is the number of vertices inG. The initializiation takesO(n) time, and so does the
computation ofF at the end of the algorithm. Thewhile loop is executedn times. Since we
choose a vertexv such that the length of a shortest path froms to v is minimum, each vertex will
be added exactly once toW and thus can be deleted only once fromW. Per execution of thewhile
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Input: GraphG = (V,E), f : V×V→Q≥0 (see Figure 1(a))
ℓ(·); note thatℓ(0) = 0 p(·); note thatp(0) doesn’t exist

v W 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
- {0} ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
0 {1,2,3,4} 1 2 2 5 ∞ ∞ ∞ ∞ 0 0 0 0
1 {2,3,4,5,6} 1 2 2 5 10 8 ∞ ∞ 0 0 0 0 1 1
2 {3,4,5,6,7} 1 2 2 5 10 5 4 ∞ 0 0 0 0 1 2 2
3 {4,5,6,7,8} 1 2 2 5 10 5 3 4 0 0 0 0 1 2 3 3
7 {4,5,6,8} 1 2 2 5 10 5 3 4 0 0 0 0 1 2 3 3
8 {4,5,6} 1 2 2 5 10 5 3 4 0 0 0 0 1 2 3 3
4 {5,6} 1 2 2 5 10 5 3 4 0 0 0 0 1 2 3 3
6 {5} 1 2 2 5 9 5 3 4 0 0 0 0 6 2 3 3
5 /0 1 2 2 5 9 5 3 4 0 0 0 0 6 2 3 3

Table 3: Example of Dijkstra’s algorithm applied to the graph from Figure 1(a)

loop the most expensive tasks are finding a vertexv∈W such thatℓ(v) is minimum (which takes
time O(n)) and visitingv’s neighbors (which again takes timeO(n) in the worst case). If we use a
priority queue (concretely implemented by a Fibonacci heap) for managingW, an amortized runtime
analysis yields an upper bound ofO(|V | log|V|)+O(|E| log|V|) = O((|V |+ |E|) log|V|), which is
better thanO(|V|2) if the graph is sparse in edges.

3 Deterministic and Nondeterministic Polynomial Time

3.1 P, NP, Reducibility, and NP-Completeness

Complexity classes collect the problems that can be solved,according to the given computational
model (such as Turing machines) and paradigm (e.g., determinism or nondeterminism), by
algorithms of that sort using no more than the specified amount of the complexity resource
considered (e.g., computation time or space). The most prominent time complexity classes are
P and NP.

By definition, P=
⋃

k≥0 DTIME(nk) is the class of all problems that can be solved by a
deterministic Turing machine in polynomial time, where thepolynomial time bound is a function of
the input size. For example, Dijkstra’s algorithm (see Algorithm 1 in Section 2) is a polynomial-time
algorithm solving the shortest path problem, which is a functional problem.5 A decision version of
that problem would be: Given a networkG = (V,E) with edge weightsf : E→Q≥0, a designated
vertexs∈ V, and a positive constantk, is the length of a shortest path froms to any of the other
vertices inG bounded above byk? This problem is a member of P.

Nondeterministic polynomial time, defined as NP=
⋃

k≥0 NTIME(nk), is the class of (decision)

5As mentioned previously, complexity theory traditionallyis concerned more with decision than with functional
problems, so P and NP are collections of decision problems. The class of functions computable in polynomial
time is usually denoted by FP, and there are various alternative ways of defining classes of functions computable in
nondeterministic polynomial time (see [Sel94]).
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problems for which solutions to the given input instance canbe guessed and verified in polynomial
time. In other words, problems in NP can be solved by a nondeterministic Turing machine in
polynomial time. For example, consider the problem of whether a given system of diophantine
equations,Ax= b for a matrixA∈Zn×n and a vectorb∈Zn, has an integer solutionx∈Zn. We do
not know whether there exists a polynomial-time algorithm to solve this problem, but for any given
instance(A,b) of the problem, we can guess a solution,x∈Zn, and then verify in polynomial time
thatx indeed is a correct solution (simply by checking whetherA∈Zn×n multiplied byx∈Zn yields
b, i.e., by checking whetherx satisfiesAx= b). Thus, this problem is a member of NP. Another
well-known member of NP is SAT, the satisfiability problem ofpropositional logic defined in (1).
There are thousands of other important problems that are known to belong to NP (see, e.g., Garey
and Johnson [GJ79]).

Having established a problem’s upper bound is only the first step for determining its
computational complexity. Only if we can establish a lower bound matching this upper bound,
we will have classified our problem in terms of its complexity. But lower bound proofs are
different. In order to prove an upper bound, it is enough to find just one suitable algorithm that
solves this problem within the prespecified amount of time. For a lower bound, however, we
need to show that among all algorithms of the given type (e.g., among all algorithms that can be
realized via a nondeterministic Turing machine) no algorithm whatsoever can solve our problem in
(asymptotically) less than the prespecified amount of time.

A key concept for proving lower bounds is that of reducibility. This concept allows us to
compare the complexity of two problems: If we can reduce a problem A to a problemB thenA
is at most as hard asB. This is a fundamental property in complexity theory.

Definition 3.1 Let A and B be two problems, both encoded over an alphabetΣ (i.e., A,B⊆ Σ∗,
whereΣ∗ denotes the set of strings overΣ). We say A(polynomial-time many-one) reduces toB (in
symbols, A≤p

m B) if there is a total function f: Σ∗→ Σ∗ computable in polynomial time such that
for each input string x∈ Σ∗, x∈ A if and only if f(x) ∈ B.

B is said to beNP-hardif A≤p
m B holds for all A∈ NP, and B is said to beNP-completeif B is

NP-hard and inNP.

Note that NP-hard problems are not necessarily members of NP; they can be even harder than
the hardest NP problems, i.e., harder than any NP-complete problem.

3.2 Some Examples of NP-Complete Problems

After the groundbreaking work of Hartmanis and Stearns in the early 1960s (see, e.g., [HS65]), a
landmark followed in 1971 when Cook showed that the satisfiability problem, SAT, is NP-complete.
This result was found independently by Levin [Lev73].

Theorem 1 (Cook’s Theorem [Coo71])SAT is NP-complete.

Intuitively, the proof of Theorem 1 starts from an arbitraryNP machineM (in a suitable
encoding) and an arbitrary inputx and transforms the pair(M,x) into a boolean formulaϕM,x such
thatM on inputx has at least one accepting computation path if and only ifϕM,x is satisfiable. Since
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this transformation can be done in polynomial time, it is a≤p
m-reduction from an arbitrary NP set

to SAT. Note that the formulaϕM,x Cook constructed is in conjunctive normal form (i.e.,ϕM,x is a
conjunction of disjunctions of literals); thus, this reduction even shows NP-hardness of CNF-SAT,
the restriction of SAT to boolean formulas in conjunctive normal form.

The next milestone in complexity theory is due to Karp [Kar72], who showed NP-completeness
of many combinatorial optimization problems from graph theory and other fields. Since then
the list of problems known to be NP-complete has grown enormously (see, e.g., [GJ79, Joh81,
Pap94, Rot05]). Note that completeness is a central notion for other complexity classes as well; for
example, there are natural complete problems in classes such as nondeterministic logarithmic space
(NL, for short), polynomial time (i.e., P), and polynomial space (PSPACE, for short). Note also that
for classes such as NL and P, the polynomial-time many-one reducibility is too coarse. Indeed, it
is known thateverynontrivial set (i.e., every nonempty set other thanΣ∗) in any of these classes is
complete for the class under≤p

m-reductions. Therefore, one needs a finer reducibility (such as the
logarithmic-space many-one reducibility) so as to define a meaningful notion of completeness in
such classes.

Returning to the notion of NP-completeness, we have from Definition 3.1 and the transitivity of
≤

p
m that a problemB is NP-complete if

1. B∈ NP, and

2. A≤p
m B for some NP-complete problemA.

We give two examples of reductions showing NP-completenessof two more problems.

Example 3.1 Define3-SAT to be the set of all boolean formulas in conjunctive normal form with
at most three literals per clause. That3-SAT belongs toNP follows immediately from the fact that
the more general problemSAT is in NP.

To show that3-SAT is NP-hard, we showCNF-SAT≤p
m 3-SAT. Let ϕ be a given boolean

formula in conjunctive normal form. We transformϕ into an equivalent formulaψ with no more
than three literals per clause. Clauses ofϕ with one, two, or three literals can be left untouched; we
just have to take care ofϕ ’s clauses with more than three literals. Let C= (z1∨z2∨ ·· ·∨zk) be one
such clause with k≥ 4 literals (so each zi is either a variable ofϕ or its negation). Let y1,y2, . . . ,yk−3

be k−3 new variables. Define a formulaψC consisting of the following k−2 clauses:

ψC = (z1∨z2∨y1)∧ (¬y1∨z3∨y2)∧ . . .∧ (¬yk−4∨zk−2∨yk−3)∧ (¬yk−3∨zk−1∨zk) . (2)

Note that C is satisfiable if and only if the formulaψC in (2) is satisfiable. Hence, replacing
all clauses C inϕ with more than three literals by the corresponding subformula ψC, we obtain a
formula ψ that is satisfiable if and only ifϕ is satisfiable. Clearly, the reduction can be done in
polynomial time. Thus3-SAT is NP-hard, and therefore alsoNP-complete.

Example 3.2 Consider the following problem: Given a k×n matrix A and an m×n matrix B with
entries Ai j ,Bi j ∈ {0,1}, does there exist a vector x∈ {0,1}n such that Ax= 1 and Bx≥ 1?

This problem is inNPsince any solution guessed, x∈ {0,1}n, can be certified by a polynomial-
time algorithm that multiplies both A and B by x and tests if Ax= 1 and Bx≥ 1. We shall show that

11



SAT≤p
m-reduces to this problem. Suppose we are given a boolean formula ϕ = C1∧ ·· · ∧Cm with

propositions P1, . . . ,Pk and clauses C1, . . . ,Cm. Define n= 2k variables, x−1, . . . ,x−k, x1, . . . ,xk. Let
A = [ I I ], whereI denotes the k×k identity matrix; so the system of equations, Ax= 1, corresponds
to defining the logical complements: x− j + x j = 1 for all j. (Think of xj = 1 ⇔ Pj = TRUE, and
x− j = 1⇔¬Pj = TRUE.)

Now define the m×n matrix B by

Bi j =

{

1 if Pj ∈Ci

0 otherwise
and Bi,− j =

{

1 if ¬Pj ∈Ci

0 otherwise.

Any solution to this system corresponds to a satisfying assignment forϕ by letting Pj = TRUE if and
only if xj = 1.

More concretely, given a formularϕ = (P1 ∨ P3) ∧ (P2 ∨ ¬P3) ∧ (¬P1 ∨ ¬P2 ∨ P3), the
transformation creates the following system of equations and inequalities:

x−1 + x1 = 1
x−2 + x2 = 1

x−3 + x3 = 1

x1 + x3 ≥ 1
x−3 + x2 ≥ 1

x−1 + x−2 + x3 ≥ 1

The three equations define the logical complements, x− j = 1− x j for j ∈ {1,2,3}. The three
inequalities ensure each clause has at least one literal that is true. In this example, a solution
to the above system is x= (0,0,0,1,1,1); the corresponding truth assignment satisfyingϕ is Pj =
TRUE for all j ∈ {1,2,3}.

Since every deterministic Turing machine is a special case of a nondeterministic one, P is a
subclass of NP. Whether or not these two classes are equal is afamous open question, perhaps the
most important open question in all of theoretical computerscience. If one could find a deterministic
polynomial-time algorithm for solving an arbitrary NP-complete problem, then P would be equal
to NP. However, it is widely believed that P6= NP.

Returning to LPs, how hard is linear programming? That is, how hard is it to solve

min{cT ·x | A ·x≥ b}

for x∈Qn, wherec∈Qn, A∈Qm×n, andb∈Qm are given? Although every known simplex method
has an exponential worst-case time complexity, some interior point methods are polynomial. Thus,
the decision version of linear programming is a member of P. However, if we are looking for an
integer solutionx∈Zn, the problem is known to be NP-complete.6

Despite their NP-completeness, problems that (unlike those defined in Examples 3.1 and 3.2)
involve numbers that can grow unboundedly may have “pseudo-polynomial-time” algorithms.

6In order to use the interior point methods, which have a polynomial runtime, it is necessary to transform the problem;
this causes an exponential number of additional constraints, so the problem size increases exponentially.
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Informally stated, an algorithm solving some problem involving numbers is said to bepseudo-
polynomial-timeif its time complexity function is bounded above by a polynomial function of two
variables, the size of the problem instance and the maximum value of the numbers involved. For
a formal definition, we refer to Garey and Johnson [GJ79]. Forexample, consider the problem
PARTITION: Given a nonempty sequencea1,a2, . . . ,am of positive integers such that∑m

i=1ai is an
even number, can one find a partitionI1∪ I2 = {1,2, . . . ,m}, I1∩ I2 = /0, such that∑i∈I1 ai = ∑i∈I2 ai?
This problem is known to be NP-complete but can be solved in pseudo-polynomial time via dynamic
programming. The same is true for the knapsack problem7 and many more NP-complete problems
involving numbers. That is why Garey and Johnson [GJ79] distinguish between “ordinary” NP-
completeness as defined in Definition 3.1 and NP-completeness “in the strong sense.”

An NP-complete problem is NP-complete in the strong senseif it cannot be solved even in
pseudo-polynomial time unless P= NP. As mentioned above, PARTITION is an example of a
problem that is NP-complete but not in the strong sense. For an example of a problem thatis NP-
complete in the strong sense, consider the following generalization of PARTITION (which is called
3-PARTITION in [GJ79]): Given a positive integerb and a setA = {a1,a2, . . . ,a3m} of elements
with positive integer weightsw(ai) satisfyingb/4 < w(ai) < b/2 for eachi, 1≤ i ≤ 3m, such that
∑3m

i=1w(ai) = m·b, can one partitionA into m disjoint subsets,A1∪A2∪ ·· · ∪Am = A, such that for
each j, 1≤ j ≤ m, ∑ai∈A j

w(ai) = b? In contrast, SAT involves no numbers except as subscripts
(which can be ignored,8 as they only refer to the names of variables or literals); forsuch problems
there is no difference between polynomial time and pseudo-polynomial time and the notion of NP-
completeness in the strong sense coincides with ordinary NP-completeness.

The complexity class coNP= {L | L ∈ NP} contains those problems whose complements are
in NP. An example of a member of coNP is the tautology problem:Given a boolean formula,
is it a tautology, i.e., is it true under every possible truthassignment to its variables? Note
that coNP expresses the power of (polynomially length-bounded) universal quantification (i.e.,
is some polynomial-time predicateB(x,y) true for all solutionsy, where |y| ≤ p(|x|) for some
polynomial p?), whereas NP expresses the power of (polynomially length-bounded) existential
quantification (i.e., is some polynomial-time predicateB(x,y) true for somesolution y, where
|y| ≤ p(|x|) for some polynomialp?).

Again, it is an open question whether or not NP and coNP are equal. Since P is closed under
complementation, P= NP implies NP= coNP; the converse, however, is not known to hold.
The notions of hardness and completeness straightforwardly carry over to coNP; for example,
the tautology problem is known to be coNP-complete. Figure 2illustrates the complexity classes
discussed in this section and what is currently known about their inclusion relations.

7Glover and Babayev [GB95] show how to aggregate integer-valued diophantine equations whose variables are
restricted to the nonnegative integers such that the coefficients of the new system of equations are in a range as limited
as possible. Their methods can be applied to yield more efficient algorithms for the integer knapsack problem. For a
comprehensive treatise of the famous knapsack problem and its variants, we refer to Kellerer et al. [KPP04].

8Technically speaking, as mentioned in Footnote 3, our assumptions on encoding imply that such “numerical” names
are always polynomially bounded in the input size.
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Figure 2: P, NP, coNP, and completeness and hardness for NP and coNP

4 Complexity Classes and Hierarchies between P and PSPACE

As mentioned previously, the most important complexity classes are P and NP. However, the
landscape of complexity classes is much richer. In what follows, we mention some of the complexity
classes and hierarchies between P and PSPACE that have been studied.

4.1 The Polynomial Hierarchy

Meyer and Stockmeyer [MS72] introduced thepolynomial hierarchy, which is inductively defined
by:

∆p
0 = Σp

0 = Πp
0 = P;

∆p
i+1 = PΣp

i , Σp
i+1 = NPΣp

i , and Πp
i+1 = coΣp

i+1 for i ≥ 0;

PH =
⋃

k≥0

Σp
k .

Here, for any two complexity classesC andD , C D is the class of sets that can be accepted via
someC oracle Turing machine that accesses an oracle setD ∈ D . Oracle Turing machines work
just like ordinary Turing machines, except they are equipped with a query tape on which they can
write query strings. Whenever the machine enters a special state, the query state, it receives the
answer as to whether the string currently written on the query tape, sayq, belongs to the oracle set
D or not. The machine continues its computation in the “yes” state if q∈ D, and in the “no” state
otherwise. As a special case, PNP contains all problems that are polynomial-time Turing-reducible
to some set in NP, i.e.,A ∈ PNP if and only if there exists a deterministic polynomial-timeoracle
Turing machineM and an oracle setB ∈ NP such thatMB accepts precisely the strings inA via
queries toB.
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The first three levels of the polynomial hierarchy consist ofthe following classes:

∆p
0 = P, Σp

0 = P, Πp
0 = P;

∆p
1 = PP = P, Σp

1 = NPP = NP, Πp
1 = coNPP = coNP;

∆p
2 = PNP, Σp

2 = NPNP, Πp
2 = coNPNP.

Let us summarize the known inclusions among these classes and between PH and PSPACE and
some of their basic properties:

1. For eachi ≥ 0, Σp
i ∪Πp

i ⊆ ∆p
i+1⊆ Σp

i+1∩Πp
i+1.

2. PH⊆ PSPACE.

3. Each of the classes∆p
i , Σp

i , Πp
i , i ≥ 0, and PH is closed under≤p

m-reductions (e.g., ifA≤p
m B

andB∈ Σp
2 thenA∈ Σp

2).

4. The∆p
i levels of the polynomial hierarchy are closed even under polynomial-time Turing

reductions (e.g., PP
NP
⊆ PNP shows this property for∆p

2).

5. Each of the classes∆p
i , Σp

i , andΠp
i , i ≥ 0, has≤p

m-complete problems. However, if PH were
to have a≤p

m-complete problem then it would collapse to some finite level.

6. If Σp
i = Πp

i for somei ≥ 1, then PH collapses to itsi-th level:

Σp
i = Πp

i = Σp
i+1 = Πp

i+1 = · · ·= PH.

Again, it is unknown whether any of the classes in the polynomial hierarchy are actually
different. It is widely believed, however, that the polynomial hierarchy has infinitely many distinct
levels; so a collapse to some finite level is considered unlikely. Note that the important P-versus-NP
question mentioned previously is a special case of the question of whether the polynomial hierarchy
is a strictly infinite hierachy.

TheΣp
i levels of the polynomial hierarchy capture the power ofi (polynomially length-bounded)

alternating quantifers starting with an existential quantifer. For example, a typicalΣp
3 predicate is to

ask whether there exists somey1 such that for ally2 there exists somey3 such that some polynomial-
time predicateB(x,y1,y2,y3) is true, where|y j | ≤ p(|x|) for each j ∈ {1,2,3}. To give a concrete
example, a chess player may face a question of this type: “Does there exist a move for White such
that whatever move Black does there is a winning move for White?” In suitable formalizations of
strategy games like chess (on ann×n board) this gives rise to aΣp

3-complete problem. Similarly,
the Πp

i levels of the polynomial hierarchy capture the power ofi (polynomially length-bounded)
alternating quantifers starting with a universal quantifer; see, e.g., Wrathall [Wra77]. When there
is no bound on the number of alternating quantifiers (or moves), one obtains complete problems for
PSPACE in this manner.

There are also interesting subclasses of∆p
i namedΘp

i (see, e.g., Wagner [Wag87]). The most
important among these classes isΘp

2 = PNP
|| = PNP[log], which is defined just like PNP except thatonly

a logarithmic number of queriesto the NP oracle are allowed, as indicated by the notation PNP[log].
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Alternatively, one could defineΘp
2 just like PNP except that all queries to the NP oracle are required

to be askedin parallel, as indicated by the notation PNP
|| , i.e., queries to the oracle do not depend

on the oracle answers to previously asked queries, a less flexible query mechanism than in a Turing
reduction. To give an example of a quite natural complete problem in this class, Hemaspaandra et
al. [HHR97] proved that the winner determination problem for Dodgson elections isΘp

2-complete.
We give some more examples for problems contained (or even complete) inΣp

2, Πp
2, ∆p

2, andΘp
2,

respectively:

• Meyer and Stockmeyer [MS72] introduced the problem MINIMAL : Given a boolean formula
ϕ , does it hold that there is no shorter formula equivalent toϕ? It is not hard to see that
M INIMAL is in Πp

2. Indeed, motivated by this problem they created the polynomial hierarchy.

• Garey and Johnson [GJ79] defined a variant of MINIMAL , which they dubbed MINIMUM

EQUIVALENT EXPRESSION(MEE): Given a boolean formulaϕ and a nonnegative integerk,
does there exist a boolean formulaψ equivalent toϕ that has no more thank literals?
Stockmeyer [Sto77] considered MEE restricted to formulas in disjunctive normal form,
which is denoted by MEE-DNF. Both MEE and MEE-DNF are membersof Σp

2.
Hemaspaandra and Wechsung [HW02] proved that MEE and MEE-DNF areΘp

2-hard and
that MINIMAL is coNP-hard. Umans [Uma01] showed that MEE-DNF is evenΣp

2-complete.
It is still an open problem to precisely pinpoint the complexity of MEE and of MINIMAL .

• Eiter and Gottlob [EG00] showed that the problem BOUNDED EIGENVECTOR is Σp
2-

complete, which is defined as follows: Given ann×n matrix M, an integer eigenvalueλ
of M, a subsetI of the components, and integersb andz, does there exist ab-bounded�-
minimal nonzero eigenvectorx = (x1, . . . ,xn) for λ such thatx1 = z? Here,x� y if and only

if x andy coincide on the components inI and‖x‖ ≤ ‖y‖, where‖x‖ =
(

∑n
i=1x2

i

)1/2
denotes

theL2 norm of an integer vectorx.

Eiter and Gottlob [EG00] also considered variants of BOUNDED EIGENVECTOR, e.g., by
restrictingI = /0 (i.e., in this restriction one is looking for any shortesteigenvectorx among the
b-bounded eigenvectors forλ such thatx1 = z) and showing that this problem is∆p

2-complete
in general andΘp

2-complete ifb≥ 1 is a fixed constant.

• Meyer and Stockmeyer [MS72] proved that MINMAX -SAT isΠp
2-complete, which is defined

as follows: Given a boolean formulaϕ(x,y) in conjunctive normal form, with no more than
three literals per clause, and a nonnegative integerk, does it hold that for each truth assignment
to x there is a truth assignment toy satisfying at leastk clauses inϕ(x,y)?

Schaefer and Umans [SU02a, SU02b] provide a comprehensive survey of completeness in the
levels of the polynomial hierarchy.
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4.2 The Boolean Hierachy over NP

As mentioned in Section 3.2, coNP is the class of problems whose complements are in NP. NP
is not known to be closed under complementation;9 indeed, NP and coNP are widely believed to
be distinct classes. Loosely speaking, the levels of the boolean hierarchy over NP consist of those
classes whose members result from applying set operations such as complementation, union, and
intersection to a finite number of NP sets. In particular, P isthe zeroth level of this hierarchy, and
NP and coNP constitute its first level. To define the second level of this hierarchy, let

DP= {A−B | A,B∈ NP}

be the class of differences of any two NP sets (equivalently,DP= {A∩B | A,B∈ NP}), and let

coDP= {L | L ∈ DP}= {A∪B | A,B∈ NP}

be the class of problems whose complements are in DP.
The complexity class DP was introduced by Papadimitriou andYannakakis [PY84] to capture

the complexity of problems that are NP-hard or coNP-hard butseemingly not contained in NP or
coNP. An example of such a problem—indeed a DP-complete problem (as can be shown essentially
analogously to the proof of Cook’s Theorem)—is SAT-UNSAT: Given two boolean formulasϕ and
ψ in conjunctive normal form, is it true thatϕ is satisfiable butψ is not satisfiable?

Many more natural problems are known to be DP-complete, for example, exact optimization
problems and so-called critical problems. An example of an exact optimization problem is EXACT
4-COLORABILITY: Is the chromatic number10 of a given graph equal to four? This problem
is DP-complete [Rot03] (see [RR06b, RR06a, RR10] for more DP-completeness results on exact
optimization problems).

Critical problems are characterized by the feature of either losing or gaining some property due
to a smallest possible change in the problem instance. For example, consider the graph minimal
uncolorability problem: Given a graphG and a positive integerk, is it true thatG is notk-colorable,
but removing any one vertex and its incident edges fromG makes the resulting graphk-colorable?
Cai and Meyer [CM87] proved that this problem is DP-complete.

We have defined the first three levels of the boolean hierarchyover NP to comprise the classes
BH0(NP) = P, BH1(NP) = NP, coBH1(NP) = coNP, BH2(NP) = DP, and coBH2(NP) = coDP.
Continuing by induction, define thei-th level, i ≥ 3, of this hierarchy by

BHi(NP) = {A∪B | A∈ BHi−2(NP),B∈ BH2(NP)}

coBHi(NP) = {A∩B | A∈ BHi−2(NP),B∈ BH2(NP)},

and let BH(NP) =
⋃

i≥1BHi(NP).

9A classC of sets is said to beclosed under complementationif A ∈ C implies A ∈ C . Similarly, C is said to be
closed under union(respectively,closed under intersection) if A∪B∈ C (respectively,A∩B∈ C ) wheneverA∈ C and
B∈ C . It is an easy exercise to show that NP is closed under both union and intersection.

10The chromatic number of graph Gis the smallest number of colors needed to color the verticesof G such that no
two adjacent vertices receive the same color. For eachk≥ 3, thek-COLORABILITY problem, which asks whether the
chromatic number of a given graph is at mostk (i.e., whether it isk-colorable), is known to be NP-complete [GJ79].
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Cai et al. [CGH+88, CGH+89] provided a deep and comprehensive study of the boolean
hierarchy over NP. It is known that this hierarchy is contained in the second level of the
polynomial hierarchy: BH(NP) ⊆ Θp

2. Again, it is an open question whether BH(NP) is a strictly
infinite hierarchy or collapses to some finite level. Interestingly, if the boolean hierarchy over
NP collapses to some finite level then so does the polynomial hierarchy. The first such result
was shown by Kadin [Kad88]: If BHi(NP) = coBHi(NP) for somei ≥ 1,11 then the polynomial
hierarchy collapses to its third level: PH= Σp

3 ∩Πp
3. This result has been improved by showing

stronger and stronger collapses of the polynomial hierarchy under the same hypothesis (see the
survey [HHH98]). As a final remark, boolean hierarchies overclasses other than NP have also been
investigated [HR97, BBJ+89].

5 Concluding Remarks

Critics of complexity theory argue that it is not practical to consider only the worst-case complexity;
for example, the performance of the simplex method in practice appears to be a fairly low order
polynomial complexity, once pathologies like the Klee–Minty polytope are removed. Observations
like this motivated Levin [Lev86] to define the notion of average-case complexity (see also
Goldreich [Gol97], Impagliazzo [Imp95], and Wang [Wan97a,Wan97b]) and to show that various
problems that are hard in the worst case are easy to solve on the average. However, average-case
complexity theory has its drawbacks as well; for example, results on the average-case complexity of
problems heavily depend on the distribution of inputs used.Up to date, only a handful of problems
have been shown to be hard on the average [Lev86, Wan97b]. In this regard, a very interesting
result is due to Ajtai and Dwork, who built a public-key cryptosystem whose security rests on the
shortest vector problem in lattices, which is as hard in the average case as it is in the worst case
[Ajt96, AD97].

Advocates of complexity theory argue that it does provide a practical guide to algorithm design,
and this is especially true ofapproximation algorithms. These comprise an approach to “solving”
hard problems, where we give up accuracy in order to have tractability. To be an approximation
algorithm, it must have polynomial complexity, and it must give a guaranteed bound on the quality
of a solution. While many NP-hard problems allow for efficient approximation schemes, other
NP-hard problems provably do not (under reasonable complexity-theoretic assumptions), see, e.g.,
Håstad [Hås99]. The study ofinapproximabilityis also a central task in complexity theory.

Other ways of coping with NP-hardness include looking for heuristical algorithms (either
algorithms that are efficient but not always correct, or algorithms that are correct but not always
efficient) or showing that NP-hard problems are fixed-parameter tractable (see, e.g., Downey and
Fellows [DF99], Flum and Grohe [FG06], and Niedermeier [Nie06] and the surveys by Buss and
Islam [BI08] and Lindner and Rothe [LR08]).

There are many more important complexity classes and hierarchies between P and PSPACE
that could not be discussed in this brief introduction to computational complexity theory, such
as probabilistic classes [Gil77, Sim75], counting classes[Val79a, Val79b, For97], unambiguous

11Note that BHi(NP) = coBHi(NP), i ≥ 1, is equivalent to the boolean hierarchy over NP collapsingto its i-th level:
BHi(NP) = coBHi(NP) = BHi+1(NP) = coBHi+1(NP) = · · ·= BH(NP).
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classes [Val76, HR97], the Arthur-Merlin hierarchy [BM88], the low hierarchy within NP [Sch83],
etc. Readers interested in these complexity classes and hierarchies are referred to the textbooks
mentioned in the introduction.
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