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Abstract

This supplement is a brief introduction to the theory of comagional complexity, which
in particular provides important notions, techniques, eeslilts to classify problems in terms
of their complexity. We describe the foundations of comitietheory, survey upper bounds
on the time complexity of selected problems, define the notib polynomial-time many-
one reducibility as a means to obtain lower bound (i.e., iasd) results, and discuss NP-
completeness and the P-versus-NP question. We also pthegrdlynomial hierarchy and the
boolean hierarchy over NP and list a number of problems cetajih the higher levels of these
two hierarchies.

1 Introduction

Complexity theory is an ongoing area of algorithm reseahnehtias demonstrated its practical value
by steering us away from inferior algorithms. It also givesam understanding about the level of
inherent algorithmic difficulty of a problem, which affe¢tew much effort we spend on developing
sharp models that mitigate the computation time. It has sfgwned approximation algorithms
that, unlike metaheuristics, provide a bound on the qualigolution obtained in polynomial time.
This supplement is a brief introduction to the theory of camagional complexity, which in
particular provides important notions, techniques, arglilte to classify problems in terms of
their complexity. For a more detailed and more comprehensitroduction to this field, we
refer to the textbooks by Papadimitriou [Pap94], Rothe IBHt and Wilf [Wil94], and also
to Tovey’s tutorial [TovOR]. More specifically, Garey andhison’s introduction to the theory

*This supplement replaces Harvey Greenberg’s originallsupnt on complexity IGre01]; it is based on and extends
his text and uses parts of it with Harvey Greenberg’s kindmgsion. This work was supported in part by the DFG under
grants RO 1202/12-1 (within the European Science FounuatBUROCORES program LogICCC: “Computational
Foundations of Social Choice”) and RO 1202/11-1.



of NP-completeness_[GJ79] and Johnson’s ongoing NP-cden@ses columns_[Joh81] are very
recommendable additional sources.

This paper is organized as follows. In Sectidn 2, we brieflgcdbe the foundations of
complexity theory by giving a formal model of algorithms ierins of Turing machines and by
defining the complexity measure time. We then survey uppend® on the time complexity of
selected problems and analyze Dijkstra’s algorithm as ameie. In Sectiofil3, we are concerned
with the two most central complexity classes, P and NP, detéstic and nondeterministic
polynomial time. We define the notion of polynomial-time mame reducibility, a useful tool to
compare problems according to their complexity, and weudisthe related notions of NP-hardness
and NP-completeness as well as the P-versus-NP questiemnf dme most fundamental challenges
in theoretical computer science. In Sectidn 4, further dexiy classes and hierarchies between
polynomial time and polynomial space are introduced in otdeshow a bit of complexity theory
beyond P and NP. In particular, the polynomial hierarchyssuksed in Sectidn4.1 and the boolean
hierarchy over NP in Sectidn 4.2 We also list a number of @oisl complete in complexity classes
above NP, namely, in the higher levels of the two hierarchiess mentioned. Sectidd 5, finally,
provides some concluding remarks.

2 Foundations of Complexity Theory

2.1 Algorithms, Turing Machines, and Complexity Measures

An algorithmis a finite set of rules or instructions that when executedromput can produce an
output after finitely many steps. The input encodes an iestaf the problem that the algorithm
is supposed to solve, and the output encodes a solution éogitken problem instance. The
computation of an algorithm on an inpigtthe sequence of steps it performs. Of course, algorithms
do not always terminate; they may perform an infinite comprtefor some, or any, input (consider,
for example, the algorithm that ignores its input and engéersnfinite loop). There are problems
that can be easily and precisely defined in mathematicalsteyet that provably cannot be solved
by any algorithm. Such problems are calleddecidable(when they are decision problems,
i.e., when they are described by a yes/no questionjnaomputablgwhen they are functions).
Interestingly, the problem of whether a given algorithmraeeminates for a given input is itself
algorithmically unsolvable, and perhaps is the most fammaecidable problem, known as the
HALTING PROBLEM (see the seminal paper by Alan Turihg [Tur36]). Such resudistablishing a
sharp boundary between algorithmically decidable and ciddble problems—are at the heart of
computability theory, which forms the foundation of the@a& computer science. Computational
complexity theory has its roots in computability theoryt ig¢akes things a bit further. In particular,
we focus here on “well-behaved” problems that are algorithity solvable, i.e., that can be solved
by algorithms that on any input terminate after a finite nunmidfesteps have been executed. Note,
however, that a computable function need not be total in géred, by definition, an algorithm
computing it does never terminate on inputs on which thetfands not defined.

In complexity theory, we are interested in the amount ofueses (most typically, computation
time or memory) needed to solve a given problem. To formadigcdibe a problem’s inherent
complexity, we first need to specify



1. what tools we have for solving it (i.e., the computatiomaldel used) and
2. how they work (i.e., the computational paradigm usedj, an
3. what we mean by “complexity” (i.e., the complexity measused).

First, the standardcomputational models the Turing machine, and we give an informal
definition and a simple concrete example below. Alterngtivene may choose one’s favorite
model among a variety of formal computation models, ineigdheA calculus, register machines,
the notion of partial recursive function, and so on (see,, §Rpg67,[HU79] Odi89, HMUO1]).
Practitioners may be relieved to hear that their favoritegpemming language can serve as a
computational model as well. The famous Church—Turingishpsestulates that each of these
models captures the notion of whiatuitively is thought of being computable. This thesis (which by
involving a vague intuitive notion necessarily defies a fakproof) is based on the observation that
all these models are equivalent in the sense that eachtalgoekpressed in any of these models can
be transformed into an algorithm formalized in any of theeottnodels such that both algorithms
solve the same problem. Moreover, the transformationfitsel be done by an algorithm. One
of the reasons the Turing machine has been chosen to be tidastamodel of computation is its
simplicity.

Second, there is a variety obmputational paradigmthat yield diverse acceptance behaviors of
the respective Turing machines, including deterministimdeterministic, probabilistic, alternating,
unambiguous Turing machines, and so on. The most basic igaradare determinism and
nondeterminism, and the most fundamental complexity elasse P (deterministic polynomial
time) and NP (nondeterministic polynomial time), whichivaié defined below.

Finally, as mentioned above, the most typicamplexity measuresre computation time (i.e.,
the number of steps a Turing machine performs for a givent)rgnud computation memorga.k.a.
computation space, i.e., the number of tape cells a Turinchina uses during a computation as
will be explained below).

Turing machines are simple, abstract models of algorithifitsgive an informal description,
imagine such a machine to be equipped with a finite numbenfifiiie) tapes each being subdivided
into cells that are filled with a symbol from the work alphalb&t indicate that a cell is empty, we
use a blank symbol], which also belongs to the work alphabet. The machine aesdtstapes
via heads, where each head scans one cell at a time. Heads oaadbonly (for input tapes), they
can be read-write (for work tapes), and they can be writg-@olr output tapes). In addition, the
machine uses a “finite control” unit as an internal memoryargt time during a computation the
machine is in one of a finite number of states. One distinguaistiate is called the initial state, and
there may be (accepting/rejecting) final stﬂd%‘inally, the actual program of the Turing machine
consists of a finite set of rules that all have the followingvidfor each tape):

(za) — (Z’,b,H),

1For decision problems, whenever a Turing machine haltsygtrindicate whether or not the input is to be accepted
or rejected. Thus, in this case each final state is either@@péiag or a rejecting state. In contrast, if a Turing maelin
to compute a function then, whenever it halts in a final statee(e the distinction between accepting and rejectingstat
is not necessary), the string written on the output tapesiithction value computed for the given input.



wherez andZ are statesa andb are symbols, anti € {<, |,—} is the move of the head: one
cell to the left ), one cell to the right-{), or staying at the same positiop)( This rule can be
applied if and only if the machine is currently in statand this tape’s head currently reads a cell
containing the symbad. To apply this rule then means to switch to the new state® replace the
content of the cell being read by the new symbaind to move this tape’s head accordingHto

Example 2.1 For simplicity, in this example we consider a machine witlyame tape, which
initially holds the input string, symbol by symbol in consiye tape cells, and which also serves
as the work tape and the output tape. The Turing machine whroggam is given in TablEl 1 takes
a string xe {0,1}* as input and computes its complementary stsrg{0,1}*, i.e., the i-th bit ok

is a one if and only if the i-th bit of x is a zero (e.g., &£40010thenx = 0110J).

(20,0) +— (20,1,—) || swap zeros to ones and step one cell to the right

(20,1) +— (20,0,—) || swap ones to zeros and step one cell to the right

(0,0) +— (z7,0,<) || switch toz at the end of the input and step left

(z2,0) — (7,0,<) leave the letters unchanged and step one cell to the lgft
(z1,1) — (z,1,<) || until reaching the beginning of data on the tape

(z,0) ~— (z,0,—) || move the head onto the first letter and switclzitdo halt

Table 1: A Turing machine

The work alphabet i$(J,0,1}. Aconfiguration(a.k.a.instantaneous descriptipis some sort of
“snapshot” of the work of a Turing machine in each (discrgdejnt in time. Each configuration is
characterized by the current state, the current tape iqtns, and the positions where the heads
currently are. In particular, a Turing machine’s initial afiguration is given by the input string that
is written on the input tape (while all other tapes are empiiially), the input head reading the
leftmost symbol of the input (while the other heads are plam® an arbitrary blank cell of their
tapes initially), and the initial state of the machine. Onaynalso assume Turing machines to be
normalized, which means they have to move their head(s)tbable leftmost nonblank position(s)
before terminating. Our Turing machine in Table 1 has thrieges:

e 73, which is the initial state and whose purpose it is to movehed from left to right over x
swapping its bits, thus transforming it inkp

e 71, whose purpose it is to move the head back to the first bit(ahich was the head'’s initial
position), and

e 7=, which is the final state.

Unless stated otherwise, we henceforth think of an algorgls being implemented by a Turing
machine. A Turing machine is said to Heterministicif any two Turing rules in its program have
distinct left-hand sides. This implies that in each compotaof a deterministic Turing machine
there is a unique successor configuration for each nonfimdileoation. Otherwise (i.e., if a Turing
machine has two or more rules with identical left-hand giddsere can be two or more distinct



successor configurations of a nonfinal configuration in soomepeitation of this Turing machine,
and in this case it is said to m®ndeterministic

The computation of a deterministic Turing machine on some inputa sequence of
configurations, either a finite sequence that starts fromirti@l configuration and terminates
with a final configuration (i.e., one with a final state) if ondsts, or an infinite sequence that
represents a nonterminating computation (e.g., a comeutttat is looping forever). In contrast,
the computation of a nondeterministic Turing machine on sorpatiis a directed tree whose root
is the initial configuration, whose leaves are the final camégons, and where the rules of the
Turing program describe one computation step from some mainfonfiguration to (one of) its
successor(g. There may be infinite and finite paths in such a tree for the samé. For the
machine to terminate it is enough that just one computatadh ferminates. In the case of decision
problems, for the input to be accepted it is enough that jost@mputation path leads to a leaf
with an accepting final configuration.

The time complexity of a deterministic Turing machine M on sonmut x is the number
timev (x) of stepsM(x) needs to terminate. IM on inputx does not terminatetimey (x) is
undefined; this is reasonable if one takes the point of viewdhy computation should be assigned
a complexity if and only if it yields a result, i.e., if and gnif it terminates. Thespace complexity of
M on input xis defined analogously by the number of nonblank tape cefidest until termination.
In this paper, however, we will focus on the complexity meastime only (see, e.g.| [Pag94],
Rothe [Rot05] for the definition of space complexity).

The most common model is to consider therst-case complexitgf a Turing machineM as
a function of the input size = |x|E i.e., we defineTimay (n) = max,y_ntimey (x) if timey (x)
is defined for allx of length n, and we letTimey(n) be undefined otherwise. (We omit a
discussion of the notion adverage-case complexityere and refer to the work of Levin [Levi86]
and Goldreich[IGol97].)

Now, given a time complexity functiob: N — N, we say a (possibly partial) functioh is
deterministically computable in timeftthere exists a deterministic Turing machilesuch that for
each inpui,

(a) M(x) terminates if and only iff (x) is defined,
(b) if M(x) terminates thei (x) outputsf(x), and
(c) Timey(n) <t(n) for all but finitely manyn > 0.

(There are various notions of what it means fanandeterministicTuring machine to compute a
function in a given time. We omit this discussion here andras the work of Selman_[Selb4].)

Note that a deterministic computation can be considered(degenerated) computation tree as well, namely a tree
that degenerates to a single path. That is, determinigiarithms are special nondeterministic algorithms.

3 We always assume a reasonable, natural encoding of the dvputsome input alphabet such £&1}, andn
denotes the length of the inpye {0,1}* in this encoding. However, since one usually can neglecsihall change of
time complexity caused by the encoding used, for simplicig/often assumed to be the “typical” parameter of the input.
This may be the number of digits if the input is a number, ormthber of entries if the input is a vector, or the number
of vertices if the input is a graph, or the number of varialifi¢ise input is a boolean formula, etc.



We now define the time complexity of decision problems. Sugtollem is usually represented
either by stating the input given and a related yes/no questir as a set of strings encoding the
“yes” instances of the problem. For example, the satisftglgifoblem of propositional logic, SAT,
asks whether a given boolean formula is satisfiable, i.eethdr there is an assignment of truth
values to its variables such that the formula evaluatesito fRepresented as a set of strings (i.e., as
a “language” over some suitable alphabet) this problemstéie form:

SAT={¢ | ¢ is a satisfiable boolean formyla (1)

Given a time complexity functioh: N — N, a decision problenb is solved (or “decided”) by
a deterministic Turing machind in timet if

(&) M accepts exactly the strings hand
(b) Timey(n) <t(n) for all but finitely manyn > 0.
We sayD is solved (or “accepted”) by a nondeterministic Turing maeM in timet if

(a) for all x € D, the computation tred(x) has at least one accepting path and the shortest
accepting path df1(x) has length at mogt|x|), and

(b) for all x ¢ D, the computation tre®l(x) has no accepting path.

Let DTIME(t) denote the class of problems solvable by deterministicngumachines in time,
and let NTIMEt) denote the class of problems solvable by nondeterministiin@ machines in
timet.

The primary focus of complexity theory is on the computadiocomplexity of decision
problems. However, mathematicians are often more inextidstcomputing (numerical) solutions
of functions. Fortunately, the complexity of a functionabplem is usually closely related to that
of the corresponding decision problem. For example, toddewihether a linear program (LP, for
short) has a feasible solution is roughly as hard as findirg on

2.2 Upper Bounds on the Time Complexity of Some Problems

Is a problem with time complexity 170 more difficult to solve than a problem with time
complexityn?? Of course not. Constant factors (and hence also additivstaats) can safely be
ignored. Already the celebrated papers by Hartmanis, Leand Stearns [HS65, SHLIE5, HLS65,
LSHG5] (which laid the foundations of complexity theory afod which Hartmanis and Stearns
won the Turing Award) proved the linear speed-up theorenr.each time complexity functioh
that grows strictly stronger than the identity and for eachstantc, DTIME(t) = DTIME(c-t).
An analogous result is known for the nondeterministic tintesses NTIMEt) (and also for
deterministic and nondeterministic space classes, exbept one speaks of linear compression
rather than of linear speed-up.)

This result gives rise to define the “big O” notation to cdllentire families of time complexity
functions capturing the algorithmic upper bounds of protdeLetf,g: IN — IN be two functions.
We sayf grows asymptotically no stronger than(denoted byf € &/(g)) if there exists a real
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numberc > 0 and a nonnegative integep such that for eachn € IN with n > ng, we have
f(n) <c-g(n). Alternatively, f € &(g) if and only if there is a real number > 0 such that
limsup,_. (fM+Y/(gm+1) = c. In particular, DTIME ¢'(n)) denotes the class of problems solvable
by deterministic linear-time algorithms. Talile 2 lists soproblems and some upper bounds on
their deterministic time complexity.

| DTIME() | time complexity | sample problem \
0 (1) constant determine the signum of a number
0 (log(n)) logarithmic searching in a balanced search tree witiodes
0 (n) linear solving differential equations using multigrid methods
0 (n-log(n)) sortn numbers (mergesort)
1% (nz) quadratic compute the product of amxn matrix and a vector
o (n®) cubic Gaussian elimination for amxn matrix
ﬁ(nk) k fixed | polynomial solving LPs using interior point methods
0 (k"), k fixed | exponential solving LPs using the simplex method

Table 2: Upper bounds on the worst-case time complexity wfesproblems

If there are distinct algorithms for solving the same probleve are usually interested in the one
with the best worst-case behavior, i.e., we would like todkitine least upper bound of the problem’s
worst-case complexity. Note that the actual time requimrdafparticular instance could be much
less than this worst-case upper bound. For example, Gaudsizsination applied to a linear system
of equatlons,Ax_ b with A e Q™" and a vectob € Q”E has a worst-case time complexity of
¢(n%), but would be solved much fasterAfhappens to be the identity matrix. However, therst-
casecomplexity relates to the most stubborn inputs of a givegtlen

0
(a) GraphG = (V,E) (b) GraphH = (V,F) containing the shortest paths from
G with start vertexss=0

Figure 1: Applying Dijkstra’s algorithm to grap® yields graphH

For a concrete example, consider the shortest path prokléiah is defined as follows: Given
a network (i.e., an undirected gragh= (V, E) with positive edge weights given bly: E — Qo)

4We assume to be annxn matrix over the rational number€), andx andb to be vectors ove®), since complexity
theory traditionally is concerned with discrete problemscomplexity theory of real numbers and functions has also
been developed. However, just as in numerical analysis,thigory actually approximates irrational numbers up to a
given accuracy.



and a designated vertexe V, find all shortest paths fromto each of the other vertices \h For
illustration, we show how an upper bound on the worst-case tomplexity of this problem can
be derived. LeV = {0,1,2,3,4,5,6,7,8} and the edge sé be as shown in Figurg _Ifa). Let
f : E — Q>0 be the edge weight function, and ket 0 be the designated start vertex. Dijkstra’s
algorithm (see Algorithril1 for a pseudocode descriptionuanfy machine implementation would
be rather cumbersome) finds a shortest path from vertefd to each of the other vertices

Algorithm 1 Dijkstra’s algorithm
input: (G = (V,E), f) with start vertexs= 0

=

2n=V|-1 // setn to the highest vertex number
3: forv=1,2...,ndo
4. l(v):=oo; // £(v) is the length of the shortest path fra®s= 0 tov
5. p(v) :=undefined // p(v) is the predecessor gfon the shortest path frostto v
6: end for
7: £(0) :=0;
8: W:= {0} // insert the start vertex intd/, the set of vertices still to check
9: whileW # 0do
10:  Find a vertexw € W such that'(v) is minimum;
11: W:=W-—{v}; // extractv fromW
12:  forall {vw} € E do
13: if £(v)+ f({v,w}) < £(w) then
14: o(w) == L(v) + f({v,w}) // update the length of the shortest patwtd needed
15: p(v) :=w // update the predecessorwif needed
16: if we& W then
17: W :=WuU{w} // insert neighbors of into W (if not yet done)
18: end if
19: end if
20: end for
21: end while
22:. F:=0 // F will be the edge set containing the shortest paths
23: forv=12,...,ndo
2. F:=FU{{v,p(v)}} // insert the edgév, p(v)} into F
25: end for
26: output: H = (V,F), the graph containing the shortest paths from0

Table[3 gives an example for applying Disjkstra’s algorithonthe input graph shown in
Figure[I(@). The table shows the initialization and the etien of thewhile loop. The resulting
graphH = (V,F)—with new edge set—containing the shortest paths is shown in Fidure]1(b).

A first rough estimate of the time complexity shows that Dtijiis algorithm runs in time(n?),
wheren = |V| is the number of vertices i6. The initializiation takes’(n) time, and so does the
computation ofF at the end of the algorithm. Thehile loop is executech times. Since we
choose a vertex such that the length of a shortest path fremo v is minimum, each vertex will
be added exactly once W and thus can be deleted only once frdvn Per execution of thevhile
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Input: GraphG = (V,E), f :V xV — Q>0 (see Figurg 1(d))
£(-); note that’(0) =0 p(-); note thatp(0) doesn't exist

Y W 12|34 5,6|7|8|1]2|3(4|5|6|7| 8
- {O} o | o | o | o 0 | 0| o | o
0 {1,234} | 1| 2| 2| 5| o ||| |[0]|0]|0|O0
1/{23456}| 1| 2| 2| 5|10| 8| | |0|0|0|0|1]|1
2(1{34567+| 1| 2| 2| 5|10/ 5| 4||0|0|0|0|1|2]|2
3|{45678 | 1|2|2|5|10/5|3|4|l0|0|0|0|1|2]3]| 3
7 {45,684 | 1| 2| 2| 5|10, 5|3|4|0|0|0|0|1]|2|3| 3
8 {456} | 1| 2| 2| 5|10 5|3|4]0(0|0|0|1]|]2|3]| 3
4 {5,6} | 1] 2| 2| 5|10 5|3|4|0|0|0|0|2]|2]|3]| 3
6 {5}|1|2|2|5| 9/5|3|4|0|0|0O|O|6|2|3]| 3
5 01| 2|2|5| 9|5|3|4|]0({0|0|0|6|2]3] 3

Table 3: Example of Dijkstra’s algorithm applied to the drdpm Figurd 1(d)

loop the most expensive tasks are finding a veteXW such that/(v) is minimum (which takes
time ¢'(n)) and visitingv's neighbors (which again takes tingg(n) in the worst case). If we use a
priority queue (concretely implemented by a Fibonacci hé@apmanagingV, an amortized runtime
analysis yields an upper bound@f{|V |log|V|) + ¢(|E|log|V|) = O((|V| +|E|)log|V]), which is
better thanZ(|V |?) if the graph is sparse in edges.

3 Deterministic and Nondeterministic Polynomial Time

3.1 P, NP, Reducibility, and NP-Completeness

Complexity classes collect the problems that can be sokethrding to the given computational
model (such as Turing machines) and paradigm (e.g., detemmmior nondeterminism), by
algorithms of that sort using no more than the specified amofirthe complexity resource
considered (e.g., computation time or space). The mostipesrhtime complexity classes are
P and NP.

By definition, P= {J,~oDTIME(n¥) is the class of all problems that can be solved by a
deterministic Turing machine in polynomial time, where groéynomial time bound is a function of
the input size. For example, Dijkstra’s algorithm (see Aition[d in SectiofiR) is a polynomial-time
algorithm solving the shortest path problem, which is a fiomal problenﬁ A decision version of
that problem would be: Given a netwoB&= (V,E) with edge weights : E — Q>0, a designated
vertexs € V, and a positive constafit is the length of a shortest path frasrto any of the other
vertices inG bounded above bl? This problem is a member of P.

Nondeterministic polynomial time, defined as NR - NTIME (n¥), is the class of (decision)

5As mentioned previously, complexity theory traditionai$yconcerned more with decision than with functional
problems, so P and NP are collections of decision problem&e dlass of functions computable in polynomial
time is usually denoted by FP, and there are various aligenaiays of defining classes of functions computable in
nondeterministic polynomial time (sele [S€l94]).



problems for which solutions to the given input instance lsaguessed and verified in polynomial
time. In other words, problems in NP can be solved by a nonaétéstic Turing machine in
polynomial time. For example, consider the problem of wheth given system of diophantine
equationsAx= b for a matrixA € Z™" and a vectob € Z", has an integer solutione Z". We do
not know whether there exists a polynomial-time algoritlinsadlve this problem, but for any given
instance(A, b) of the problem, we can guess a solutigrg Z", and then verify in polynomial time
thatx indeed is a correct solution (simply by checking whetherZ"<" multiplied byx € Z" yields

b, i.e., by checking whether satisfiesAx = b). Thus, this problem is a member of NP. Another
well-known member of NP is SAT, the satisfiability problempobpositional logic defined irfi{(1).
There are thousands of other important problems that arerkiho belong to NP (see, e.g., Garey
and Johnsor IGJ79)).

Having established a problem’s upper bound is only the fitep dor determining its
computational complexity. Only if we can establish a loweuid matching this upper bound,
we will have classified our problem in terms of its complexitdut lower bound proofs are
different. In order to prove an upper bound, it is enough td first one suitable algorithm that
solves this problem within the prespecified amount of timer & lower bound, however, we
need to show that among all algorithms of the given type ,(amgong all algorithms that can be
realized via a nondeterministic Turing machine) no alonitwhatsoever can solve our problem in
(asymptotically) less than the prespecified amount of time.

A key concept for proving lower bounds is that of reducikilitThis concept allows us to
compare the complexity of two problems: If we can reduce @lpra A to a problemB then A
is at most as hard & This is a fundamental property in complexity theory.

Definition 3.1 Let A and B be two problems, both encoded over an alphzbge., AB C z*,
whereX* denotes the set of strings ovE)r. We say Apolynomial-time many-one) reducesBa(in
symbols, A<h, B) if there is a total function f =* — =* computable in polynomial time such that
for each input string x ¥*, x € A if and only if f(x) € B.

B is said to beNP-hardif A <}, B holds for all Ac NP, and B is said to b&P-completdf B is
NP-hard and inNP.

Note that NP-hard problems are not necessarily members pthgl? can be even harder than
the hardest NP problems, i.e., harder than any NP-compietdgm.
3.2 Some Examples of NP-Complete Problems

After the groundbreaking work of Hartmanis and Stearns endérly 1960s (see, e.d., [H$65]), a
landmark followed in 1971 when Cook showed that the satigifiaproblem, SAT, is NP-complete.
This result was found independently by Levin [Lev73].

Theorem 1 (Cook’s Theorem [[Coo7I1]) SAT is NP-complete.

Intuitively, the proof of Theorenfll starts from an arbitrdd® machineM (in a suitable
encoding) and an arbitrary inpxtand transforms the paiM, x) into a boolean formulgy x such
thatM on inputx has at least one accepting computation path if and orgly if is satisfiable. Since
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this transformation can be done in polynomial time, it isf&-reduction from an arbitrary NP set
to SAT. Note that the formulgy x Cook constructed is in conjunctive normal form (i.@v x is a
conjunction of disjunctions of literals); thus, this retlan even shows NP-hardness of CNF-SAT,
the restriction of SAT to boolean formulas in conjunctivemal form.

The next milestone in complexity theory is due to Karp [Kdrwho showed NP-completeness
of many combinatorial optimization problems from graphaityeand other fields. Since then
the list of problems known to be NP-complete has grown enastyo(see, e.g.[1GJ¥9, Joh81,
Pap94| Rot(d5]). Note that completeness is a central notioather complexity classes as well; for
example, there are natural complete problems in classésasutondeterministic logarithmic space
(NL, for short), polynomial time (i.e., P), and polynomiglexe (PSPACE, for short). Note also that
for classes such as NL and P, the polynomial-time many-otécikility is too coarse. Indeed, it
is known thateverynontrivial set (i.e., every nonempty set other th&hin any of these classes is
complete for the class undeth,-reductions. Therefore, one needs a finer reducibility {sag the
logarithmic-space many-one reducibility) so as to defineemmmngful notion of completeness in
such classes.

Returning to the notion of NP-completeness, we have fromniefin[3.1 and the transitivity of
<h that a problenB is NP-complete if

1. Be NP, and
2. A<}, B for some NP-complete problef

We give two examples of reductions showing NP-completenésso more problems.

Example 3.1 Define3-SAT to be the set of all boolean formulas in conjunctive normatfovith
at most three literals per clause. TH&SAT belongs toNP follows immediately from the fact that
the more general probler8AT is in NP.

To show that3-SAT is NP-hard, we showCNFSAT <P, 3-SAT. Let ¢ be a given boolean
formula in conjunctive normal form. We transforgninto an equivalent formulay with no more
than three literals per clause. Clausesgofvith one, two, or three literals can be left untouched; we
just have to take care d@f’s clauses with more than three literals. LetC(z V2 Vv -+ -V %) be one
such clause with k 4 literals (so eachias either a variable of or its negation). Lety,yo,...,Yk_3
be k— 3 new variables. Define a formulfc consisting of the following k 2 clauses:

Yo = (@VVY)A(YLVZBVY2) A A(TYk—aV Z2VYk-3) A (—Yk—3V Z-1VZ). (2)

Note that C is satisfiable if and only if the formulg in (@) is satisfiable. Hence, replacing
all clauses C ing with more than three literals by the corresponding subfdaemyc:, we obtain a
formula @ that is satisfiable if and only i is satisfiable. Clearly, the reduction can be done in
polynomial time. Thu8-SAT is NP-hard, and therefore alsblP-complete.

Example 3.2 Consider the following problem: Given a<k matrix A and an mxn matrix B with
entries Ay, Bjj € {0,1}, does there exist a vectorex{0, 1}" such that Ax=1 and Bx> 1?

This problem is ilNP since any solution guessedeX0,1}", can be certified by a polynomial-
time algorithm that multiplies both A and B by x and tests iEFAkand Bx> 1. We shall show that

11



SAT <h-reduces to this problem. Suppose we are given a boolearufargn= Cy A - - - ACn with
propositions P,..., P and clauses ¢ . ..,C,. Define n= 2k variables, x1,...,X_k, X1,...,X. Let
A= [l1], wherel denotes the kk identity matrix; so the system of equations,-A%, corresponds
to defining the logical complements.jx+ x; = 1 for all j. (Think of ¥ =1 < P; = TRUE, and
X_j=1 < —Pj = TRUE.)

Now define the mn matrix B by

- J1 iijGCi - J1 ifﬂPjECi
Bi _{ 0 otherwise 2194 B _{ 0 otherwise.

Any solution to this system corresponds to a satisfyinggassent forg by letting R = TRUE if and
only if x; = 1.

More concretely, given a formulayp = (PLV P;) A (P2 V =Ps) A (-PLV =P, vV Ps), the
transformation creates the following system of equatiomsiaequalities:

X_1 + X1 =1
X_ 2 + X =1

X_3 + x3 =1

X1 + X3 =1

X_3 + X > 1

X_1 + X2 + x3 > 1

The three equations define the logical complementg,=x1—x; for j € {1,2,3}. The three
inequalities ensure each clause has at least one litera iarue. In this example, a solution
to the above system is=x(0,0,0,1,1,1); the corresponding truth assignment satisfyipigs P, =
TRUEforall j € {1,2,3}.

Since every deterministic Turing machine is a special cdse mmndeterministic one, P is a
subclass of NP. Whether or not these two classes are equédnsoais open question, perhaps the
most important open question in all of theoretical compsténce. If one could find a deterministic
polynomial-time algorithm for solving an arbitrary NP-cphate problem, then P would be equal
to NP. However, it is widely believed thatPNP.

Returning to LPs, how hard is linear programming? That igy hard is it to solve

min{c” -x| A-x> b}

for xe Q", wherec e Q", Ae Q™", andb € Q™ are given? Although every known simplex method
has an exponential worst-case time complexity, some ortenint methods are polynomial. Thus,
the decision version of linear programming is a member of BwéVer, if we are looking for an
integer solutiorx € Z", the problem is known to be NP-compI&e.

Despite their NP-completeness, problems that (unlikeethtzfined in Examplds—3.1 ahd13.2)
involve numbers that can grow unboundedly may have “pseadigmomial-time” algorithms.

81n order to use the interior point methods, which have a patyial runtime, it is necessary to transform the problem:;
this causes an exponential number of additional conssiantthe problem size increases exponentially.
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Informally stated, an algorithm solving some problem inuad numbers is said to bpseudo-
polynomial-timeif its time complexity function is bounded above by a polynahfunction of two
variables, the size of the problem instance and the maximaloevof the numbers involved. For
a formal definition, we refer to Garey and Johnsbn [J79]. é@mple, consider the problem
PARTITION: Given a nonempty sequeneg,ay,...,an Of positive integers such thgt" ; & is an
even number, can one find a partitigrul, = {1,2,...,m}, I1Nl2 =0, such tha ), & = Yic, &?
This problem is known to be NP-complete but can be solvedéngs-polynomial time via dynamic
programming. The same is true for the knapsack prﬂmmi many more NP-complete problems
involving numbers. That is why Garey and Johnson [GJ79]rdjsish between “ordinary” NP-
completeness as defined in Definitlonl 3.1 and NP-completeitethe strong sense.”

An NP-complete problem is NBomplete in the strong sengfeit cannot be solved even in
pseudo-polynomial time unless-PNP. As mentioned above,ARTITION is an example of a
problem that is NP-complete but not in the strong sense. rexample of a problem thag NP-
complete in the strong sense, consider the following gdimatimn of PARTITION (which is called
3-PAaRTITION in [GJ79]): Given a positive integds and a sefA = {aj,ay,...,asn} of elements
with positive integer weightsv(a;) satisfyingb/4 < w(a;) < b/2 for eachi, 1 <i < 3m, such that

?Elw(a;) = m-b, can one patrtitior into m disjoint subsetsA; UA; U --- U Ay = A, such that for
eachj, 1<j<m Yy A w(a) = b? In contrast, SAT involves no numbers except as subscripts
(which can be ignorefl,as they only refer to the names of variables or literals)starh problems
there is no difference between polynomial time and psewdgapmial time and the notion of NP-
completeness in the strong sense coincides with ordinargd¥ifpleteness.

The complexity class coNR {L | L € NP} contains those problems whose complements are
in NP. An example of a member of coNP is the tautology problédiven a boolean formula,
is it a tautology, i.e., is it true under every possible tratbsignment to its variables? Note
that coNP expresses the power of (polynomially length-dedh universal quantification (i.e.,
is some polynomial-time predicat®(x,y) true for all solutionsy, wherely| < p(|x|) for some
polynomial p?), whereas NP expresses the power of (polynomially lehgtirded) existential
quantification (i.e., is some polynomial-time predic&éx,y) true for somesolutiony, where
ly| < p(|x|) for some polynomiap?).

Again, it is an open question whether or not NP and coNP arale@ince P is closed under
complementation, P NP implies NP= coNP; the converse, however, is not known to hold.
The notions of hardness and completeness straightforyasatry over to coNP; for example,
the tautology problem is known to be coNP-complete. Fifliiu&trates the complexity classes
discussed in this section and what is currently known abwit tnclusion relations.

"Glover and BabayeV[[GB95] show how to aggregate integeredhldiophantine equations whose variables are
restricted to the nonnegative integers such that the ceafficof the new system of equations are in a range as limited
as possible. Their methods can be applied to yield more &fii@lgorithms for the integer knapsack problem. For a
comprehensive treatise of the famous knapsack problemsmdriants, we refer to Kellerer et dl._ [KPP04].

8Technically speaking, as mentioned in Footrfdte 3, our agsans on encoding imply that such “numerical” names
are always polynomially bounded in the input size.
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NP-hard ! ! coNP-hard

CONP-
\ \complete

Figure 2: P, NP, coNP, and completeness and hardness for dNEbalP

4 Complexity Classes and Hierarchies between P and PSPACE

As mentioned previously, the most important complexityssk&s are P and NP. However, the
landscape of complexity classes is much richer. In whab#ad, we mention some of the complexity
classes and hierarchies between P and PSPACE that havetbdiex s

4.1 The Polynomial Hierarchy

Meyer and Stockmeyel [IMSFF2] introduced thelynomial hierarchywhich is inductively defined
by:

A = H=nf=P;

A, = P, hi= NP>, and nP,=cozf, fori>o;
PH = (J=P
k>0

Here, for any two complexity class&s and 2, €7 is the class of sets that can be accepted via
some% oracle Turing machine that accesses an oracl®set7. Oracle Turing machines work
just like ordinary Turing machines, except they are equipwpéh a query tape on which they can
write query strings. Whenever the machine enters a spdeit, she query state, it receives the
answer as to whether the string currently written on theytege, sayg, belongs to the oracle set
D or not. The machine continues its computation in the “yeatesif g € D, and in the “no” state
otherwise. As a special caseé\Frontains all problems that are polynomial-time Turingueitle

to some set in NP, i.eA € PNP if and only if there exists a deterministic polynomial-tiroacle
Turing machineM and an oracle sé8 € NP such thaMP accepts precisely the strings Avia
queries taB.
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The first three levels of the polynomial hierarchy considheffollowing classes:

N R ne = P
AY = PP=P, 2} = NPP=NP, N} = coNF =coNP;
A) = PV 5D = NPV N5 = coNPW.

Let us summarize the known inclusions among these classdsetwveen PH and PSPACE and
some of their basic properties:

1. Foreach >0,zfunPcal, cs nnf,.

2. PHC PSPACE.

3. Each of the classe¥’, =P, NP, i > 0, and PH is closed undeth-reductions (e.g., iA <h B
andB € =5 thenA € 25).

4, TheAip levels of the polynomial hierarchy are closed even undeynmwhial-time Turing
reductions (e.g.,P” C PNP shows this property fahb).

5. Each of the classey’, =P, andnP, i > 0, has<f,-complete problems. However, if PH were
to have a<h,-complete problem then it would collapse to some finite level

6. If =P = NP for somei > 1, then PH collapses to itgh level:
P=nP=5, =nP,=-=PH

Again, it is unknown whether any of the classes in the polyiabrhierarchy are actually
different. It is widely believed, however, that the polyniaihierarchy has infinitely many distinct
levels; so a collapse to some finite level is considered alylidNote that the important P-versus-NP
guestion mentioned previously is a special case of the ipmest whether the polynomial hierarchy
is a strictly infinite hierachy.

TheZip levels of the polynomial hierarchy capture the power(gblynomially length-bounded)
alternating quantifers starting with an existential gifantFor example, a typicﬁg predicate is to
ask whether there exists sompesuch that for all, there exists somg; such that some polynomial-
time predicateB(x,y1,Y2,y3) is true, wherdy;| < p(|x|) for eachj € {1,2,3}. To give a concrete
example, a chess player may face a question of this type: s'Biare exist a move for White such
that whatever move Black does there is a winning move for g#itin suitable formalizations of
strategy games like chess (on@arn board) this gives rise to Eg-complete problem. Similarly,
the I'Iip levels of the polynomial hierarchy capture the powei @bolynomially length-bounded)
alternating quantifers starting with a universal quantifee, e.g., Wrathal[[Wra?77]. When there
is no bound on the number of alternating quantifiers (or mpwe® obtains complete problems for
PSPACE in this manner.

There are also interesting subclasseﬁ‘si‘bhamed@ip (see, e.g., Wagner [Wag87]). The most
important among these classe®s= P|’\|‘P = PNPllog which is defined just like ¥ except thabnly

a logarithmic number of querie® the NP oracle are allowed, as indicated by the notatM#i°®.

15



Alternatively, one could defin@S just like PP except that all queries to the NP oracle are required
to be askedn parallel, as indicated by the notation\P, i.e., queries to the oracle do not depend
on the oracle answers to previously asked queries, a ledsl@euery mechanism than in a Turing
reduction. To give an example of a quite natural completélpro in this class, Hemaspaandra et
al. [HHR91] proved that the winner determination problemBodgson elections i@E-compIete.

We give some more examples for problems contained (or eveplete) inzh, N5, A, ando?,
respectively:

e Meyer and Stockmeyer [IMSF2] introduced the problemnMiAL : Given a boolean formula
¢, does it hold that there is no shorter formula equivaleng ® It is not hard to see that
MINIMAL isin ng. Indeed, motivated by this problem they created the polyabiierarchy.

e Garey and Johnson_[GJ79] defined a variant oM AL , which they dubbed MiIMUM
EQUIVALENT EXPRESSION(MEE): Given a boolean formulé and a nonnegative integky
does there exist a boolean formuja equivalent to¢ that has no more thah literals?
Stockmeyer [[Sto77] considered MEE restricted to formulaglisjunctive normal form,
which is denoted by MEE-DNF. Both MEE and MEE-DNF are membefsz).
Hemaspaandra and Wechsuhg [HWO02] proved that MEE and MEE—BN@S-hard and
that MINIMAL is coNP-hard. Uman§ [Uma01] showed that MEE-DNF is evomplete.
It is still an open problem to precisely pinpoint the comjitienf MEE and of MINIMAL .

e Eiter and Gottlob [[EGTU0] showed that the problenoBVDED EIGENVECTOR is Zg—
complete, which is defined as follows: Given arn matrix M, an integer eigenvalua
of M, a subset of the components, and integdysand z, does there exist B-bounded=-
minimal nonzero eigenvector= (xg,...,X,) for A such thatg = z? Here x <y if and only

if x andy coincide on the components irand||x|| < |ly||, where||x| = (zi”:lxiz)l/2 denotes
theL, norm of an integer vectot.

Eiter and Gottlob[[EGUO0] also considered variants @UBIDED EIGENVECTOR, e.g., by
restrictingl =0 (i.e., in this restriction one is looking for any shortegfenvectox among the
b-bounded eigenvectors farsuch that; = z) and showing that this problemA\xg—complete
in general am@g-complete ifo > 1 is a fixed constant.

e Meyer and Stockmeyer [MSI72] proved thatMax -SAT is I'I‘z’-complete, which is defined
as follows: Given a boolean formula(x,y) in conjunctive normal form, with no more than
three literals per clause, and a nonnegative integdoes it hold that for each truth assignment
to x there is a truth assignment ycsatisfying at leask clauses inp (x,y)?

Schaefer and Umanis_ [SU02a, SU02b] provide a comprehensiveysof completeness in the
levels of the polynomial hierarchy.
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4.2 The Boolean Hierachy over NP

As mentioned in Sectiof—3.2, coNP is the class of problemsseltmmplements are in NP. NP
is not known to be closed under complementaﬂdndeed, NP and coNP are widely believed to
be distinct classes. Loosely speaking, the levels of théehodhierarchy over NP consist of those
classes whose members result from applying set operatiaisas complementation, union, and
intersection to a finite number of NP sets. In particular, hészeroth level of this hierarchy, and
NP and coNP constitute its first level. To define the seconel lgthis hierarchy, let

DP={A—B| A\ Be NP}
be the class of differences of any two NP sets (equivaleDf= {ANB | A,B € NP}), and let
coDP={L | Le DP} = {AUB | A B NP}

be the class of problems whose complements are in DP.

The complexity class DP was introduced by Papadimitriou ¥amthakakis[[PY84] to capture
the complexity of problems that are NP-hard or coNP-hardsketningly not contained in NP or
coNP. An example of such a problem—indeed a DP-completdgmrofas can be shown essentially
analogously to the proof of Cook’s Theorem)—is SAT-UNSATvén two boolean formulag and
W in conjunctive normal form, is it true that is satisfiable butp is not satisfiable?

Many more natural problems are known to be DP-complete, Xamgle, exact optimization
problems and so-called critical problems. An example ofxa@ttoptimization problem is EXACT
4-COLORABILITY: Is the chromatic numb@f of a given graph equal to four? This problem
is DP-complete[[R0ot(03] (seé |RRO6b, RRDBGa, RR10] for morecDmpleteness results on exact
optimization problems).

Critical problems are characterized by the feature of eith&ng or gaining some property due
to a smallest possible change in the problem instance. Fongbe, consider the graph minimal
uncolorability problem: Given a grapgh and a positive intege, is it true thatG is notk-colorable,
but removing any one vertex and its incident edges ft@makes the resulting gragficolorable?
Cai and MeyerICM87] proved that this problem is DP-complete

We have defined the first three levels of the boolean hieraveby NP to comprise the classes
BHo(NP) = P, BHi (NP) = NP, coBH (NP) = coNP, BH(NP) = DP, and coBH(NP) = coDP.
Continuing by induction, define thieth level,i > 3, of this hierarchy by

BH(NP) = {AUB|AcBH_2(NP),B < BH(NP)}
coBH(NP) = {ANB|AecBH_2(NP),B e BHy(NP)},

and let BHNP) = (>, BH;i(NP).

9A class% of sets is said to belosed under complementati@inA € ¥ impliesA € . Similarly, % is said to be
closed under uniofrespectivelyclosed under intersectignf AUB € % (respectivelyAN B € ¥) wheneverA € € and
B € @. Itis an easy exercise to show that NP is closed under botmuanid intersection.

10The chromatic number of graph @ the smallest number of colors needed to color the vertié& such that no
two adjacent vertices receive the same color. For é&aelB, thek-COLORABILITY problem, which asks whether the
chromatic number of a given graph is at mhgi.e., whether it ik-colorable), is known to be NP-complefe IG79].
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Cai et al. [CGH 88, |[CGH™89] provided a deep and comprehensive study of the boolean
hierarchy over NP. It is known that this hierarchy is congginin the second level of the
polynomial hierarchy: BKNP) C G)g. Again, it is an open question whether B¥P) is a strictly
infinite hierarchy or collapses to some finite level. Intéregy, if the boolean hierarchy over
NP collapses to some finite level then so does the polynonigmhtthy. The first such result
was shown by Kadin'[Kad88]: If BHNP) = coBH (NP) for somei > 11 then the polynomial
hierarchy collapses to its third level: P:HZQH I'Ig. This result has been improved by showing
stronger and stronger collapses of the polynomial hieyareider the same hypothesis (see the
survey [HHH98]). As a final remark, boolean hierarchies mlasses other than NP have also been
investigated([HR97, BBIBY].

5 Concluding Remarks

Critics of complexity theory argue that it is not practicakbnsider only the worst-case complexity;
for example, the performance of the simplex method in pracippears to be a fairly low order
polynomial complexity, once pathologies like the Klee—kipolytope are removed. Observations
like this motivated Levin[[Lev86] to define the notion of aamge-case complexity (see also
Goldreich [Gol9¥], Impagliazzd [Imp95], and Warig [WanB¥#&an97/b]) and to show that various
problems that are hard in the worst case are easy to solveecavétage. However, average-case
complexity theory has its drawbacks as well; for examplguits on the average-case complexity of
problems heavily depend on the distribution of inputs uséalto date, only a handful of problems
have been shown to be hard on the average [[lev86, Wan97bhidmegard, a very interesting
result is due to Ajtai and Dwork, who built a public-key crgpystem whose security rests on the
shortest vector problem in lattices, which is as hard in terage case as it is in the worst case
[A}t96| ADI7].

Advocates of complexity theory argue that it does provideagiical guide to algorithm design,
and this is especially true @pproximation algorithmsThese comprise an approach to “solving”
hard problems, where we give up accuracy in order to havéatydity. To be an approximation
algorithm, it must have polynomial complexity, and it mubstega guaranteed bound on the quality
of a solution. While many NP-hard problems allow for efficiepproximation schemes, other
NP-hard problems provably do not (under reasonable corityltreoretic assumptions), see, e.g.,
Hastad[[Has99]. The study afapproximabilityis also a central task in complexity theory.

Other ways of coping with NP-hardness include looking fourfstical algorithms (either
algorithms that are efficient but not always correct, or atgms that are correct but not always
efficient) or showing that NP-hard problems are fixed-patamigactable (see, e.g., Downey and
Fellows [DE99], Flum and Grohé& [FG06], and Niedermelier [Mieand the surveys by Buss and
Islam [BIO&] and Lindner and Roth2 [LRD8]).

There are many more important complexity classes and biges between P and PSPACE
that could not be discussed in this brief introduction to patational complexity theory, such
as probabilistic classes [Gill77,_Sim75], counting clags&d/94d,[Val79b/ For97], unambiguous

HNote that BH(NP) = coBH;(NP), i > 1, is equivalent to the boolean hierarchy over NP collapsirigs i-th level:
BH; (NP) = coBH (NP) = BHi 1(NP) = coBH 1 (NP) = - .- = BH(NP).
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classes/[Val7e, HR97], the Arthur-Merlin hierarcty [BM88&)je low hierarchy within NF [Sch83],
etc. Readers interested in these complexity classes arardtiees are referred to the textbooks
mentioned in the introduction.
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